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C<1 . Abstract 

O ' Introducing an extended Lie derivative along the dual of A, the three 

^^ ■ form field of d=ll supergravity, the full diffeomorphism algebra of d=ll 

supergravity is presented. This algebra suggests a new formulation of the 

theory, where the three- form field A is replaced by bivector B , bispinor 

5"^, and spinor- vector r]"'^ one- forms. Only the bivector one- form B"''' is 

i) , propagating, and carries the same degrees of freedom of the three-form in 

'T^ I the usual formulation, its curl V^^B^^ being related to the F^j^^ab curl of the 

three-form. The other one-forms are auxiliary, and the transformation rules 

^ . on all the fields close on the equations of motion of d=ll supergravity. 
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1 Introduction 

Supergravity in eleven dimensions p] (a particular limit of M-theory, for a review 
see for ex. |2]), can be formulated within the framework of free differential algebras 
(FDA's) [SI in El El El E! , a generalization of Lie algebras which include p-form po- 
tentials. In this framework the 3-form oi d = 11 supergravity acquires an algebraic 
interpretation. 

In preceding papers [3 QD] it was shown how FDA's can be related to ordinary 
Lie algebras via extended Lie derivatives: the Lie algebra underlying the FDA of 
d = 11 supergravity was identified in |1^, and found to coincide with an algebra 
discussed in 1989 [11, in the context of supermembranes. 

In Section 2 we recall briefly the FDA formulation oi d = 11 supergravity of j^. 
In Section 3 we present the full diffeomorphism algebra oi d = 11 supergravity on 
the FDA "manifold" , which encodes all the symmetries of the theory. In Section 4 
a new formulation is proposed, where the 3-form A is replaced by 1-form potentials 
with (couples of) Lorentz vector and spinor indices. 

For a resume on FDA's and the notion of extended Lie derivative along duals of 
p- forms we refer to ^U]. Here the general theory is applied to the FDA oi d = 11 
supergravity. 

2 The FDA of d=ll supergravity, Bianchi iden- 
tities, field equations and transformation rules 

The FDA structure HJ is contained in the following curvature definitions: 

R" = dv - u^^v^ - -v^r> = vv - -7/;r> 

R{A) = dA- -V^F^VV'^V^^ (2.1) 

The Bianchi identities are obtained by taking the exterior derivative of (|2.ip : 

dR''^ + R'^Lo"^ - u'^'R"^ = VR^^ = 
Pi?" + i?"^ - it/jT'^p = 

Vp + -i?'^'T''V = 

dR{A) - ^r^V^""^^ + ^pT''''iPR''V'' = (2.2) 

The superPoincare curvatures R""^, R"^, p (respectively the Lorentz curvature, the 
torsion and the gravitino curvature) are 2-forms, and R{A) is a 4-form. These can 
be expanded on a superspace basis spanned by the vielbein V"' and the gravitino ^. 
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The group-geometric method of [30111 requires the Ansatz that all "exterior" com- 
ponents of the curvatures be expressed in terms of the "spacetime" ones, spacetime 
meaning along the V^ vielbeins only. 

The Bianchi identities then become equations for the curvatures, whose solution 
iis: 

_|_ pabcd JjY'^'^'th -\ _pciC2C3C4 J,pabciC2C3C4 / /2 gA 

i?" = (2.4) 

i 1 

3 8 

R{A) = F''^-''WWWW^ (2.6) 

where the spacetime components R"'^cdi Pab, F"'^---"-'^ satisfy the well known propaga- 
tion equations (Einstein, gravitino and Maxwell equations): 

R\c - -^bR = 3 F^^'^-'^-'F^"^"^"' - - 61 F^^-^^F"^-"^ (2.7) 

2 8 

r'^'^Pb, = (2.8) 

-p pabib2b-i b\b2bza\...as 17101... 04 77105... ag ^ Q f^ Q^l 

2 • 4! ■ 7! 

In the group geometric formulation the symmetries gauged by the superPoincare 
fields V"', uj""^ and if) are seen as diffeomorphisms on the "FDA manifold" , generated 
by the Lie derivative along the tangent vectors ta,tab,T dual to these one-form 
fields. Thus, setting e = e'^ta + e"'^tab + er, the transformation rules under local 
supertranslations and Lorentz rotations are generated by the Lie derivative 

i, = die + ied (2.10) 

Explicitly 

SV = ieV^ = Ve" + e'^'^V'' + ieT^iJj (2.11) 

6u''' = Lu'^'' = Ve^' + 2R''\^ e'V" + i (2p,[,rfc] - p,,r,) (e^^ - ^e^) - 

_ 1 

_ !2pabcd ^/.pcd rpciC2C3C4 ; ■nafeciC2C3C4 rn 1 o") 

5^p = 4^ = Ve+ '-e'^'Tab^ + 2pabe''V' + 
i 1 

_|_ _('^ai'i''2fe3pfei''263 pbib2bzb4,YO'^l^2bzb4,\ (^Y"- _ il)^"-\ (2 13) 

3 8 

SA = ieA = -tpT^'^e VV'' + V^L'^V ^''V' + 4F'''-'^^e''WWW^ (2.14) 

where the exterior derivatives on the fields have been expressed in terms of the 
curvatures ()2.1|) . and the solutions ()2. 3^ - 1)2. 6|) have been used. The closure of these 
transformations is then equivalent to the propagation equations p.7|l - p.9|l . as is 
usual in locally supersymmetric theories. 



3 The algebra of difFeomorphisms on the d=ll 
supergravity FDA "manifold" 

On a soft group manifold, i.e. a manifold whose vielbeins //^ have in general 
nonvanishing curvatures 

i?^ = rf^« + lc^X/^^, (3.1) 

the algebra of diffeomorphisms is given by the commutators of Lie derivatives: 

4^A'4ftsJ = \e^dAeq-e^dAe'(-2ete^n%]tc (3-2) 

where t^ are the tangent vectors dual to the one-forms //^, and 



^AB = ^AB ~ 2^AB (3-3) 

involves the curvature components on the vielbein basis and the group structure 
constants. The closure of the algebra requires the Bianchi identities 

a[B7^^z5] + 2 7^^[57^^^] = O (3.4) 

On a soft "FDA manifold" , the algebra of diffeomorphisms includes also the 
diffeomorphisms in the p-form directions, generated by an extended Lie derivative 
iet, where t is a "tangent vector" dual to the p-form, and e is a p — 1 form parameter 

liiini. 

In the case oi d = 11 supergravity all the local symmetries of the theory are 
given by the following FDA diffeomorphism algebra: 

"'"^(-eir°''e2V'^v'''-£°4 ^r«''i/>+24ei r'^''^v>'-2£^t2 r°''V'V"'-i2e°4 F'^>"='iV''V'i)t l3.5j 
[4-t,,4t]=4t (3.6) 

[4it,4.t]=0 (3.7) 

where the indices A,B,C... run on the Lie algebra directions (corresponding to the 
vielbein, gravitino and spin connection one-forms), i.e. A = a, a, a6(Lorentz). The 
quantities TZ^b (cf- dSUl)) are given by the solutions for R"'', i?", p in fl2.3|) - ()2.5|) and 
by the super Poincare structure constants encoded in the first three lines of (|2.H) . 
The two-form parameters e and C in (j3.6|) are 

e = SabV'V' + 25„^y>^ + e^pri^" (3.8) 

+ 25^(PA£ca) V>" - 25^(P£,,)^° - 2e''{Ve,^)V' + 2z5eaer>V° + 
-F e\VAe^p)r^^ - 2£°(P5,^)^^ + 2e^,{pl,e^V' + p^^e^^'^)^^ - 

- 2£a;3£>^ (3.9) 



{Sab here not to be confused with the Lorentz rotation parameter of Section 2). 
The Lie derivative along t, the dual of the three form A, is a particular case of 
the extended Lie derivatives along p-forms B^ {i being a G-representation index) 
introduced in ^ HUj , the fields in this general setting being the G Lie algebra one- 
forms fi"^ supplemented by the p-form B\ The extended Lie derivative is given 
by 

4h, = ien^d + d is^t, (3.10) 

the contraction operator z^it, being defined by its action on a generic form u = 

uJi^...i„Ai...AmB'' A ...S^" A/x^i A .../i^'" as 

i,n,uj = n e'uj,i,...i^Ar...A^B'' A ...B'- A ^^^ A .../i^- (3.11) 

where e^ is a (p — l)-form. Thus the contraction operator still maps p-forms into 
{p — l)-forms. Note that i) ig^jt- vanishes on forms that do not contain at least one 
factor 5*; ii) the extended Lie derivative commutes with d and satisfies the Leibnitz 
rule. 

Returning to the FDA oi d = 11 supergravity, since A is a three- form in the 
identity representation of the superPoincare Lie algebra, parameters in the extended 
Lie derivative (along the dual t of A) are 2-forms carrying no representation index, 
and are explicitly given for the algebra of FDA diffeomorphisms in (|3.9|) and (|3.8|) . 

The action of the extended Lie derivative on the basic fields is simply: 

4t/U^ = 0, 4t^ = de (3.12) 

with /i"^ = V"',u"'^,ip. Using these rules together with the variations ()2.11|) - ()2.14|) 
(generated by the usual Lie derivative) leads to the diffeomorphism algebra given 
in eq.s ()3.5|) - ()3.7|) . As discussed in ref. ^^ for the general case, the algebra of 
FDA diffeomorphisms closes provided the FDA Bianchi identities hold. Therefore, 
if we use in (j3.5|) and (j3.6|) the solutions (J2.3p - (j2.5j) for the curvatures, the algebra 
dSHll-dSIZI) closes on the (i = 11 field equations (j2I7j) - ^T^ . 

Note that the commutator of two ordinary Lie derivatives, computed on the 
3-form A, does not close on the usual ()3.2p diffeomorphism algebra, but develops 
an extra piece, i.e. the second line in the "extended" diffeomorphism algebra of 
(|3.5|) . containing the extended Lie derivative. 

4 A new formulation of D=ll supergravity 

The idea is to reinterpret the extended Lie derivative 4t of the d = 11 FDA in 
terms of ordinary Lie derivatives along new tangent vectors tab, ^a/s, ^a/s, via the 
following identification: 

The 0-forms e"''', e"^, e"^, i.e. the coefficients of the expansion on the superspace 
basis of the 2-form parameter e in the extended Lie derivative, are reinterpreted as 



parameters of ordinary Lie derivatives along the new tangent vectors tab = V"'V'^t, 

ta/3 = V^^|JH, t^p = i^^^H. 

This is possible when the set 

^eHa ' 4''*'t„i, ; ^e'^l^t^fi ) 4'"3t^^ (4-2) 



closes on a diffeomorphism algebra similar to the one in ()3.2|1 . i.e. a diffeomorphism 
algebra of an ordinary group manifold. If this is the case the new operators can be 
seen as hona fide Lie derivatives, generating ordinary diffeomorphisms along new 
directions. 

Now ()3.5p indeed is of the form ()3.2j) . and the extra piece on the right hand side 
simply defines new curvatures and structure constants in TZ^^ of ()3.3|) . However 
the other commutations ()3.fij) contain terms with exterior (covariant) derivatives 
of the parameters e"*, e"^, e"^, not amenable to the form of the derivative terms 
in ()3.2|) . These parameters (associated with the new directions) will therefore be 
taken to be covariantly constant in the arguments that follow. This is the price 
to pay if we want to interpret the d = 11 diffeomorphism algebra ()3.5|) - ()3.7p as an 
algebra of ordinary Lie derivatives. 

In other words: the algebra (j3.5|) - (|3.7p with VScd = T^^ca = T^^ap = can be 
considered the diffeomorphism algebra of a manifold, whose vielbeins are V^", a;"'', 
-0, S"^, i?"^, and rj'^^ (the last three being the vielbeins dual to the tangent vectors 

tafe; ^al3i ^ap) ■ 

Comparing ()3.5|) - ()3.7|) with the general form ()3.2|1 we deduce the new curvature 
components that satisfy the Bianchi identities ()3.4|1 implied by ()3.2j) : R""^ , p, R"" re- 
main unchanged as given in eq.s ()2.3|) - ()2.5j) . whereas the solutions for the curvatures 
rpab^ rpaf}^ j^ap ^f ^^le uew potentials S"^ S"^, ry"^ are 

j.ab ^ 24 F-',,V^V' - ^pUvc]sV'' - lpi[aVi>]sr - ^pI^'B^s (4.3) 

r-^ = \ Pli.Bn.V'^ (4.4) 

^'^ = -ip^^B^^'^V^ - -/,y4^- - \p\^B,^,r (4.5) 

(all contractions Lorentz invariant, position of indices not relevant). 

Using the standard formula for the variation of group manifold vielbeins p^ 
under diffeomorphisms: 

^p^ = de^ - 27^V/x^£^ (4.6) 

we find the variations of the potentials 5"'', 3°"^ , and r]""^: 

SB"'' = ijT"''e - A8F"'""^V''e'^ + ^P[,b(£,]V" - e%^) + 

+ ^Piiaisb^r + e'-Vb]) + Plbie'B^' - e^'^/) (4.7) 



+ t{CTXP{e'B^ - e^'^V) - Ip^^ie^^V^ - e^B^^) (4.8) 

+ W{ J^mV'" - ^"^m) (4-9) 

having used Ve""^ = Ve""^ = Ve^^ = in ()4.6|) . The variations of V^, u"-'', ip are 
unchanged and given in ()2.1H) - ()2.1H|1 . 

In summary: the new formulation of c? = 11 supergravity proposed here contains 
the fields: 

V\ uo''\ ^, S"^ S"^, r/"^ (4.10) 

The transformation rules of these fields, given in ()2.1ip - ()2.13|) and (j4.7|) - ()4.9|) close 
under the same conditions necessary for the closure of the algebra ()3.5|) - ()3.7|) . since 
it is just a reformulation of this algebra. The only "spurious" element in this 
reformulation is the fact that some of the parameters (i.e. e"^, e"^, 6°"^ ) must be 
taken to be covariantly constant. Even in this case the algebra (j3.5|) - (|3.7|) closes only 
provided the Bianchi identities ()2.2|) hold, which implies the rf = 11 field equations 
()2.7p - ()2.9|) . Thus the closure of the transformation rules on the fields ()4.10|) requires 
the d= 11 field equations, a situation analogous to the one in type IIB supergravity 

m 

Finally, we can relate the covariant curl 'D\^^B'^^ to the curl of the three-form 
F^^ab'- indeed the curvature of 5"'', according to the definition (j3.ip . reads 

(see also (TUl) where we have used the structure constants deduced by recasting 
the diffeomorphism algebra ()3.5|) - ()3.7|) in the form ()3.2|) . Comparing the V^V^ 
components of the definition of T"^ (J4.1H) and its solution (j4.3|) yields 

(PS"*),rf = 24Ft^ (4.12) 

{T>B°'^)cd being the V^V^ components of the two-form VB"^^. The other fields B°'^ , 
Tj"-^ are auxiliary: their curvature solutions, given respectively in ()4.4p and ()4.5p . 
have no spacetime (l^y)-components, and the external components only contain 
the gravitino curvature. 

In conclusion, we have found a set of transformation rules on the dynamical 
fields y", cu"^, if), B"^^ and auxiliary fields S"^, r]°'^ that close on the (usual) field 
equations of c? = 11 supergravity, F"'^'^'^ being now related to the curl of B""^ . 
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